We establish characterizations of both boundedness and of compactness of a general class of fractional integral operators involving the Riemann-Liouville, Hadamard, and Erdelyi-Kober operators. In particular, these results imply new results in the theory of Hardy type inequalities. As applications both new and well-known results are pointed out.
Introduction
Let I = (a, b),  ≤ a < b ≤ ∞. Let v and u be almost everywhere positive functions, which are locally integrable on the interval I.
Let  < p < ∞ and There are a lot of works devoted to the mapping properties of the Riemann-Liouville operator I α . Two-weighted estimates of the operator I α of the order α >  in weighted Lebesgue spaces were first obtained in the papers [] and [] . The singular case  < α <  was studied with different restrictions in [-] and some others. The most general results among them are given in [] and [] under the assumption that one of the weight functions is increasing or decreasing.
In this work we investigate the problems of boundedness and compactness of the operator T α,β defined by (.) from L p,w to L q,v when  < α < . When α >  the results follow from the results in [] .
The operator T α,β was studied in [] and [] when u ≡ , β =  and u ≡ , β > -
Due to the non-negativity and monotone increase of the function W the limit
We also consider the Hardy type operator T  α,β defined by
Since we also suppose that β ≥ , for f ≥  we have
, where the equivalence constants do not depend on x and f . Therefore, without loss of generality, we can assume that W (a) = . For short writing we denote by K the norm of a linear operator K acting from one normalized space to another, since from the context we shall in each case clearly see which spaces the operator is acting between.
The paper is organized as follows: In order not to disturb our discussions later on some auxiliary statements are given in Section . The main results concerning the boundedness of operator T α,β , including the corresponding Hardy type inequalities, can be found in Section . The main results about the compactness are presented in Section . Moreover, in Section  some similar results for the dual operator T  α,β are given. Finally, Section  is reserved for some applications (both new and well-known results).
Conventions
The indeterminate form  · ∞ is assumed to be zero. The relations A B and A B, respectively, mean A ≤ cB and A ≥ cB, where a positive constant c can be dependent only on the parameters p, q, α and β. The relation A ≈ B is interpreted as A B A. The set of all integers is denoted by Z. Moreover, χ (c,a) (·) is the characteristic function of the interval (c, a) ⊂ I.
Auxiliary statements
To prove the main results we shall need some auxiliary results from the standard literature on Hardy type inequalities (see [] and [] ).
Together with the operator (.) we consider the Hardy type operator H α,β defined by
It is easy to see that for f ≥  we have
The problem of boundedness of operators of the form (.) in weighted Lebesgue spaces have been very well studied. The history and development of Hardy type inequalities with relevant references can be found in [] .
In view of [] the following statements are consequences of Theorem  of [] .
Lemma . Let  < p ≤ q < ∞ and let the operator H α,β be defined by (.). Then the inequality
holds if and only if 
Remark . In the case  < q < p < ∞, p >  it is well known and easy to prove that the value B α,β is equivalent to the value
Boundedness of the operator T α,β
The main results in this section read as follows. 
Proof of Theorem . Necessity. Let the operator T α,β be bounded from L p,w to L q,v . Then, in view of (.), the operator H α,β is bounded from L p,w to L q,v , and T α,β ≥ H α,β . Consequently, by Lemma . we have A α,β < ∞ and
Sufficiency. Since the function W is continuous and strictly increasing on I and W (a) = , for any k ∈ Z we can define
We obtain a sequence of
will be used below without reminders. We assume that
and integrals over these intervals are equal to zero, in the sequel, without loss of generality, we can suppose that Z = Z  . Let A α,β < ∞. We need to prove that the inequality
holds, which means T α,β A α,β and, together with (.), this gives
Let f ≥ . Using the relation I = k I k , we have
We now estimate J  and J  separately. Using the monotonicity of W we find that
Hence, by Lemma . we get
Moreover, by using Hölder's inequality and the fact that the function u is increasing, we obtain Moreover, from Theorem ., obvious estimates and Hölder's inequality it follows that
we apply Hölder's inequality with the conjugate exponents
where
To estimate J  we use the relation
By substitution of (.) in (.) we obtain
Now, by combining (.), (.) and (.) we obtain
Consequently, T α,β q,v B α,β . The proof is complete.
Compactness of the operator T α,β
The main results in this section read as follows.
be a non-increasing function on I. Then the operator T α,β is compact from L p,w to L q,v if and only if A α,β < ∞ and
and β ≥ .
Let u be a non-increasing function on I. If b < ∞ and  < q < p < ∞ or b = ∞ and  < q < p < ∞, then the operator T α,β is compact from L p,w to L q,v if and only if B α,β < ∞.
Proof of Theorem . Necessity. Let the operator T α,β be compact from L p,w to L q,v . Then it is bounded and consequently, by Theorem ., we have A α,β < ∞. First we need to show that lim z→a + A α,β (z) = . Consider the family of functions {f t } t∈I , where
Next we show that the family of functions {f t } t∈I defined by (.) converges weakly to zero in L p,w . Let g ∈ L p ,w -p = (L p,w ) * . Then, by Hölder's inequality and (.), we find that
Since g ∈ L p ,w -p , the last integral in (.) converges to zero as t → a + , which means weak convergence of the family of functions {f t } to zero as t → a + . Therefore, from the compactness of the operator T α,β from L p,w to L q,v it follows that
From (.) and (.) it follows that lim t→a
From the compactness of the operator T α,β from L p,w to L q,v compactness of the conjugate operator follows:
For t ∈ I we introduce the family {g t } t∈I of functions:
The family {g t } t∈I of functions defined by (.) is correctly defined, since due to condition A α,β < ∞ the involving integrals are finite. We show that for all t ∈ I the functions g t ∈ L q ,v -q converge weakly to zero as t → b -.
Indeed,
Since f ∈ L q,v , the last integral tends to zero as t → b -, which gives the weak convergence
Furthermore, we note that
Hence, according to (.) we have lim s→b -A α,β (s) = . The proof of the necessity is complete.
Sufficiency. For a < c < d < b we define
We show that the operator v (c, d) . This, in turn, is equivalent to compactness of the operator
Let {x k } k∈Z be the sequence of points defined in the proof of Theorem .. There are points
We assume that the numbers c, d are chosen so that x i+ < x n . Similarly to obtaining estimates of J  and J  in Theorem ., we have
where the constant μ does not depend on i, n. Therefore, on the basis of the Kantarovich condition
, which is equivalent to compactness of the operator
From (.) it follows that
We will show that the right-hand side of (.) tends to zero at c → a and d → b. Then the operator T α,β as the uniform limit of compact operators is compact from L p,w to L q,v .
By using Theorem . we find that
Consequently, P c T α,β P c sup a<z<c A α,β (z). Hence,
Since the left side of (.) does not depend on ε > , substituting (.) in (.) and letting ε → , we get
Therefore P cd T α,β P c A α,β (c) and we conclude that
Next, arguing as above we find that
Hence,
Obviously, (.) implies that the right-hand side of (.) tends to zero as d → ∞. The proof is complete.
Some dual results
Here we consider the dual operator K * α,β defined by
and its mapping properties from L p,v to L q,w . We define
Our first main result here reads as follows. 
Theorems . and . imply especially the following new information in the theory of Hardy type inequalities.
Theorem . Let  < α < , β ≥  and u be a non-increasing function on I. Then 
Applications
By applying our results in special cases we obtain both new and well-known results. Here we just consider the Riemann-Liouville, Erdelyi-Kober, and Hadamard operators mentioned in our introduction. We use the weight functions ρ and ω and consider these operators on the forms I α , E α,γ and H α defined by Below we present statements for boundedness and compactness of the operators I α , E α,γ and H α from L p to L q . These statements are consequences of Theorems ., ., ., and ..
We define
